Affected by the complexity of the indoor environment, accurate indoor positioning is challenging in many localization based services (LBS). Recently, it has been recognized that, visible light communication (VLC) is promising for indoor navigation and positioning, due to the low implementation cost with marginal modification to the existing infrastructure and the possibility to achieve high accurate positioning results. Provided that the positions of the light emitting diodes (LEDs) are known to the receiver, the angle of arrival (AOA) of the light signal is able to be estimated by a camera embedded in a smart phone, and thus the position of the smart phone can be derived based on the triangulation. In this paper, the performance of the positioning accuracy is analyzed based on indoor positioning with VLC, and the analytical upper bound of location error is derived. Extensive simulation results have verified the theoretical analysis on the VLC-based localization approach in different indoor scenarios. In order to obtain better location performance, the principles of choosing reference LED and localization LED are also given.
Introduction
Since more and more mobile devices are required to exchange data over the wireless channel, the radio spectrum becomes a scarce resource [1, 2] . In order to solve this problem, some strategies in efficient usage of the available spectrum have been proposed [3] [4] [5] and visible light communication (VLC) is one of the most promising solutions [6] . In the last few years, with great advances in solid state electronics, VLC has received significant attention from the research community. As a new paradigm of optical wireless communications (OWC), VLC uses the low-power light-emitting diodes (LEDs) not only for lighting, but also for high data rate downlink communication in homes and offices [7] [8] [9] . Modern digital communications mostly make use of radio frequency (RF) band, and VLC can address the shortfalls and limitations of RF communications [10] .
Recently, the widespread use of LEDs presents a number of opportunities for VLC applications [7, [10] [11] [12] [13] [14] [15] [16] . Without requiring any additional hardware in mobile devices, the VLC can provide the location information at a low cost for mobile [8] . Because the LED lighting devices are widely used such as in shopping centers and enterprise markets, additional infrastructure modification to support accurate localization is simpler and cheaper than those for the RF cases. The additional cost would only be some simple programmable logic devices to convey location-related information to mobile devices.
Compared to radio-based positioning, the greatest advantage of VLC-based positioning is that it can almost guarantee the line-of-sight (LOS) condition in the localization area because the LEDs are typically placed on the ceiling and the diffuse component is usually very small relative to the LOS component. Thus, multipath propagation presents less of a challenge than other RF positioning approaches. Meanwhile, LEDs have a number of key advantages in the lifetime, energy saving, quality improvement and environment preservation. Thus, LED-based positioning can be considered as a widely available, cost-effective, and easy-to-use indoor positioning approach. Recently, research interests have increased in this potential indoor positioning technology [17, 18] . Ranging methods and techniques with VLC have been proposed for indoor localization, which includes received signal strength (RSS) [19, 20] , time difference of arrival (TDOA) [21] , angle of arrival (AOA) [22] and phase difference of arrival (PDOA) [23] . To be more specific, Ref. [19] takes advantage of the transmitter's location code at the multiple optical receivers and proposes an LED indoor location estimation algorithm with the RSS measurements. By an additional technique of tilting and the angle-gain compensation process, an improved RSS based VLC positioning approach was also proposed in [20] . Since the path loss of light signal is inversely proportional to the fourth power of the distance [8] , which is twice as much as that of the RF signal, the propagation channel parameters limit the accuracy of this kind of localization technique.
In order to avoid the synchronization requirement between the LED panel and receiver, a TDOA technique based VLC positioning method was proposed [21] . By measuring the phase difference between the received signals with respect to one reference LED, the mobile device position can be estimated by linear equations [23] . However, in a short range indoor scenario, both the TDOA technique and PDOA technique can not provide high positioning performance because the time difference/phase difference may be too small to be resolvable due to the high speed of light signals.
In [22] , based on the circular-PD-array, an AOA based VLC positioning approach is proposed. In order to improve the positioning performance, both AOA and RSS measurements have been utilized for VLC localization [24] . Because LOS propagation is typically present and a multipath effect is rather marginal, relatively simple optical systems can provide accurate AOA information. Therefore, in this paper, we will focus on this positioning technique. Note that some aspects of the VLC positioning system, such as additional accelerometer measurements [25] , hybrid methods [26] , protocols [27] and access scheme [28] , have also been proposed.
Compared with the plethora of practical algorithms proposed in VLC positioning, the theoretical analysis in this field has not been quite much so far. Among them, the Cramer Rao bound (CRB) on TOA based positioning accuracy is derived in [29] , and the CRB is derived for RSS measurements in [30] . In the meanwhile, theoretical analysis on VLC positioning with AOA measurement was limited. It has been noticed that, by exploiting the angle information, VLC positioning with AOA measurements is suitable for practice with respect to implementation cost. Therefore, in this work, we focus on the error analysis on the VLC indoor positioning with AOA measurements. We first present in brief a positioning algorithm proposed in our previous work and then derive the CRB of the algorithm. It has to be mentioned that the error bound can not only provide the performance metrics, but also provide useful information for parameter selection in the algorithm for practical application. In particular, two parameter selection criteria are derived for the position estimation.
The remainder of the paper is organized as follows. The VLC-based indoor positioning model using angle measurements and is described in Section 2. Details of the proposed three-phase positioning approach are presented in Section 2. Section 3 performs the theoretical location error bound analysis. Simulation results are reported in Section 4. Finally, Section 5 draws some conclusions.
VLC Indoor Positioning with AOA Measurement
In the considered localization scenario, a number of LEDs are fixed on the ceiling as anchor nodes which are called anchors for simplicity. The anchors regularly transmit encoded light signals so that the receiver can distinguish the signal transmitters. A smart phone receives the LED signal and extracts the angle information from the camera embedded in the smart phone. The position of the receiver is then estimated using the angle information and the known positions of the anchors.
As an example to show the effect of reception mode on the positioning performance, two extreme reception modes are discussed, i.e., the horizontal reception mode and vertical reception mode, which are shown in Figures 1 and 2 . When the camera is vertically facing the ceiling, it is defined as the horizontal reception mode. Since the visual angle of the camera is less than π, the camera can only see the LEDs within a circle, which is shown in Figure 1a . When the direction of the image sensor is parallel to the ceiling, it is defined as the vertical reception mode. A distinct property of this mode is that it can receive the lights from far LEDs rather than the close LEDs. [ In our analysis, three different coordinate systems are defined to simplify the localization problem. The first one is the Absolute coordinate system xyz, which is the pre-defined coordinate system where the positions of all the LEDs are known. The final mobile device position estimates should be given under this coordinate system. The second one is the Shifted coordinate system x y z , which is the shifted or translated version of the absolute coordinate system with the center of the camera (i.e., the mobile device position) as its origin. The third one is the Rotated coordinate system x y z which has the same origin as the shifted coordinate system, i.e., the center of the camera. This third coordinate system would be similar to the camera body coordinate system. The rotation is only around the z-axis so that the z -axis and z -axis are exactly the same axis for both horizontal and vertical reception modes for analytical convenience. The rotation angle ∆ϕ is dependent on the orientation of the camera body. In the case of∆ϕ = 0, the shifted coordinate system and the rotated coordinated system are the same. In the horizontal (vertical) reception mode, the direction of view of the camera is parallel (perpendicular) to the z-axis, z -axis, and z -axis.
To obtain the angle measurement estimation by the camera, we refer to [31, 32] . The geometry for estimation of the polar angle and azimuthal angle based on the imaging of the LED light is illustrated in Figure 3 , where o and o c are the center of the Charge-coupled Device (CCD) image sensor and the center of the lens, respectively. Taking the LED with its position s as an example, the project point on the rotated coordinate system is defined as position s † . The projection point of s † on the y -axis is represented as s ⊥ . The block diagram of the proposed VLC-based localization scheme for the indoor environment is illustrated in Figure 4 . It contains three main phases, namely, the estimation of the orientation angle deviation, LED project point estimation in the shifted coordination system and the final mobile device position estimation. The method was proposed in our previous work [33] ; hereby, the three phases are provided in brief as follows. 
Orientation Angle Deviation Estimation
From Figures 1 and 2 , the project point of the ith LED (x i , y i ) in the rotated coordinate system can be described as:
where θ i , ϕ i are the polar angle and the azimuthal angle of the ith LED; h is the height difference between the mobile device and the LEDs which can be calculated as h LED − h m , where h m and h LED are the height of camera and the LED, respectively. Since the orientation of the camera body and the shifted coordinate system is usually inconsistent for practical application, the proposed algorithm is concerned with this problem. Assuming the orientation angle deviation is ∆ϕ, the project point relationship between the rotated coordinate system and shifted coordinate system associated with the ith LED can be written as [34] :
where (x i , y i ) and (x i , y i ) represent the project points in the rotated coordinate system and the shifted coordinate system, respectively. Choosing the first LED as a reference LED, we can obtain the following equation by subtracting(x 1 , y 1 ) from(x n , y n ) [35] 
.
. . .
Since the corresponding axes of the absolute coordinate and the shifted coordinate system are parallel, (∆x i1 , ∆y i1 ) is also the position coordinate shifts in the absolute coordinate system, i.e., (∆x i1 , ∆y i1 ) = (x i − x 1 , y i − y 1 ).
Define
Therefore, the orientation angle deviation can be obtained as
LED Projection Point Estimation
According to Equation (2), the estimated project position of ith LED in the shifted coordinate system can be calculated as x î y i = ĉ os ∆ϕ− sin ∆φ sin ∆ϕĉos ∆ϕ
where(x i , y i ) is the estimated project position of the ith LED obtained from Equation (1).
(ĉos ∆ϕ,ŝin ∆ϕ) is the orientation angle deviation estimation obtained from Equation (5).
Final Mobile Device Position Estimation
Note that the origin of the shifted coordinate system has coordinates (x 0 , y 0 ) in the absolute coordinate system, where (x 0 , y 0 ) are also the coordinates of the mobile device in the absolute coordinate system. The relationship of the ith LED project point between the shifted coordinate system and the absolute coordinate system can be described as:
where(x i , y i ) and (x i , y i ) are, respectively, the ith LED project position in the shifted coordinate system and absolute coordinate system. Choosing the ith LED as the selected localization LED, the final mobile device position can be estimated as:
Note that the localization LED selection rule will also be discussed in the following theoretical analysis section.
Theoretical Analysis

Location Error Analysis
In order to describe the theoretical analysis clearly, we rewrite the rotation matrix as:
where
We define the ith LED position vector in the shifted coordinate system and rotated coordinate system as
In addition, the measurement noise of polar angle and azimuthal angle are assumed to be ε · n θ,i and ε · n ϕ,i , where n θ,i ∼ N(0, 1) and n ϕ,i ∼ N(0, 1) are the associated variance normalized Gaussian random variable, and the constant describes the noise level of the entire system. Note that the measurement noise of polar angle and the orientation angle is assumed to have the same noise level due to the isotropy of the lens. According to Equation (1), the project vector in the rotated coordinate system can be written aŝ
Assuming that the measurement noise is low, we rewrite Equation (11) by the Taylor expansion formula and obtainv
Expanding the terms in Equation (12) and ignoring the higher-order small quantities, Equation (12) 
According to Equations (5) and (13), the measurement difference vector can be calculated as:
which implies that δb = δV 2 ; δV 3 ; · · · ; δV N − δV 1 ; δV 1 ; · · · ; δV 1 (16)
In the presence of the measurement noise, the orientation angle deviation can be estimated aŝ
The estimated rotation matrix in Equation (9) can be described as
If ε is small, the matrix inverse can be approximated by [36] , we can obtain
Substituting δp = (H T H) −1 H T δb, which can be obtained from Equation (18), into Equation (20), we obtain p Fp
In order to calculate the ith LED project position in the shifted coordinate system, combing Equations (6), (9) , (10) and (13), we have Equation (22) , which is obtained by ignoring the high order quantity.
Because the true project position of ith LED in the reference coordinate system can be described
v i , thus we obtain the estimation error vector v i −v i from Equation (22) as (23):
Since p Fp T p Fp = I 2×2 , where I 2×2 is the identity matrix, p Fp is the orthogonal matrix. After the simplification, Equation (23) can be expressed as
Since p Fp is the orthogonal matrix, we obtain from Equation (24) that
where λ max () represents the maximum eigenvalue calculation. λ max (A T A) is the 2-norm calculation of matrix A.The inequality is obtained according to the triangle inequality [36] . After some simplification, we reform Equation (25) as (26) where the last inequality is also obtained from [36] .
Taking expectations over two sides of Equation (26), we obtain Equation (27) .
Because n θ,i , n ϕ,i are independent normally distributed random variables with mean 0 and variance 1, statistics n 2 θ,i + n 2 ϕ,i , n 2 θ,2 + n 2 ϕ,2 + · · · + n 2 θ,N + n 2 ϕ,N , and n 2 θ,1 + n 2 ϕ,1 follow chi distribution [37] :
As we know, the mean of chi distribution is µ = √ 2
, where k is variance number , Γ(·) is the gamma function. Thus, we can obtain
According to the gamma function definition [38] , we have
. Thus, Equations (28) and (29) can be simplified as
Therefore, substituting Equations (30) and (31) into (27), we obtain Equation (32) . According to Equation (7), we observe that (x i , y i ) is a shifted version of (x i , y i ); thus, it can be proved that E δv i is also the expected discrepancy of the final estimation results. Equation (32) is an important benchmark that reveals which factors will influence the system performance. It will be used in Section 3.2 to help set the system parameters.
Remarks on the VLC Positioning System
From Equation (32), it can be seen that the reference LED selection (1st LED) and the localization LED selection (ith LED) have great effects on system performance. There are three observations from Equation (32) which might be useful in system deployment.
(1) Generally speaking, the reference LED (1st LED) should be located far away from other LEDs. Assuming all the elements in H are scaled by α , (when α > 1, the relative distances become larger or vice versa), we obtain
Thus, when α > 1, it can cause the second item of Equation (32) to be larger, therefore resulting in smaller location estimate.
(2) The horizon reception mode can easily produce better position estimation results than the vertical reception mode.
First, from the definition of horizon reception and vertical reception mode in Section 2 and Figures 1 and 2 , it can be seen that the polar angle θ i of vertical reception model is larger than that of the horizon reception model. In the proposed algorithm, the polar angle is utilized as tan θ i for position estimation. With the same polar angle deviation ∆θ i , smaller θ i will occur smaller error value, according to the property of the tangent function. Thus, under the same measurement noise scenario, tan θ i of the horizon reception model is more accurate than that of the vertical reception model because of smaller θ i . Therefore, the positioning performance is better.
Next, from Equation (32), it can be found that
Therefore,
Thus, it can be concluded that the bound of the final position estimation in the horizon reception mode is also smaller than that of the vertical reception model. If we use the camera to take photo of ith LED using horizon reception mode and jth LED using the vertical reception mode, because the polar angle θ i is always smaller than θ j , it is reasonable to assume θ i < π/4 and θ j > π/4. Under this condition, horizon reception mode is easier for obtaining better positioning performance.
(3) The chosen LED for the mobile device location should be the LED closest to the mobile device.
From Equation (32), it can be found that the localization LED selection rule reflects the λ max (A T i A i ) and (x i , y i ). When the chosen LED is closer to the mobile device, the tan θ will be smaller. From the discussion of Equation (35), the λ max (A T i A i ) becomes smaller with θ > π/4 condition. Therefore, it will decrease the bound of the location error.
Simulation Results
Simulation Setup
In the simulation test, the mobile device is fixed at the position (2 m, 1 m) with the height h m = 1.5 m. Three LEDs are assumed to be utilized for mobile device localization. Under the same height of LEDs h LED = 4 m, the positions of three LEDs are at three circles with the centre at the position of the mobile device and the radii are 1 m, 2 m and 3 m, respectively. Thus, the height difference h = 2.5 m. Two LED placements are compared to evaluate the localization performance under different conditions. The position information of two placements is described in Table 1 . The distances between each LED of two placements are presented in Table 2 . According to the position information described in Table 1 , the corresponding index of LEDs in different placements are at the same circles, thus the polar angle for ith LED (i = 1, 2, 3) at these two placements is always the same. These simulation environments are designed for special scenario discussion. 
Performance Analysis
Taking the measurement noise level as ε = π/180 (1 degree), Figure 5 illustrated the localization performance and the theoretical bound for the LED placement 2 with different orientation angle deviation ∆ϕ, when the first LED is chosen as the reference LED and the localization LED. From the simulation results, it can be seen that the performances are nearly all the same with different ∆ϕs. In addition, it can also be verified by the theoretical bound because the parameter of orientation angle deviation has no effect on the bound of the expectation of the discrepancy. Tables 1 and 2 , under the same chosen LEDs and the polar angle, it can be inferred that the placement with a shorter distance to the reference LED will lead to larger localization error. Taking the LED placement 2, the localization LED being the first LED and the orientation angle deviation ε = π/90 (2 degree) as an example, Figure 8 shows the performance analysis for different reference LED selection scenarios. From the figure, it can be seen that, when the reference LED is chosen as the second LED, the proposed algorithm performs better. Combining with the prior knowledge, the items of λ max (A
and λ max (A T 1 A 1 ) in Equation (32) are always the same for these two different conditions. When the reference LED is chosen as the first LED and the second LED and the measurement noise level is ε = 1 o , the 2-norm value of the matrix (H T H)H T x i + F(H T H)H T y i are 1.1860 and 1.9080, respectively. Thus, in order to make better system performance, for reference LED selection, it also should make the matrix norm of (H T H)H T x i + F(H T H)H T y i with a smaller value. In the simulation test, the first LED is chosen as the reference LED and localization LED and the orientation angle deviation ε = π/90 (2 degree). It can be seen that, when the mobile device moves away from the LEDs, the localization performance becomes worse. The reason can be explained as follows. When the mobile device is far away from the LED, the polar angle will become larger. Under the same measure noise condition, the deviation of tangent function will change dramatically. Thus, a larger position estimation error will occur. Keeping the height of h m , the LED placement 2, the reference LED and the localization LED the same, Figure 10 showed the performance analysis with h LED = 5 m and h LED = 4 m, when the orientation angle deviation is ε = π/90 (2 degree). In these two conditions, the height differences can be calculated as h = 2.5 m and h = 3 m, respectively. It can be found that both the simulation result and the theoretical bound with smaller height difference have better performance than that of larger height difference. From Equations (13), (14) and (23) , it can found that the height difference h is proportional to the parameter. Under the smaller height difference, the final position estimation will become smaller. 
Conclusions
In this paper, a VLC based localization algorithm is presented at first for mobile device localization in indoor environments. Based on the projection position of LED estimation by the polar angle and azimuth angle measurements, the angle deviation estimation can be obtained using the least square approach. Through the rotation transformation equation, the projection points in the reference coordination system are calculated and the final position estimation can be given by the axes' translation equation. For another, the upper bound of location error is analyzed to evaluate the theoretical performance and also to optimize the system parameters. In order to obtain better localization performance, the reference LED should be located far away from other LEDs and the chosen LED should be the closest to the mobile device. Simulation results verified the accuracy of theoretical analysis in the VLC-based localization approach under different indoor scenarios. We will continue to study the localization performance in anchor localization error condition. Moreover, similar to the VLC localization technique in [39] , a machine learning based VLC localization system is another research topic in the future. 
